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RATIONAL CURVES ON FIBERED VARIETIES
FABRIZIO ANELLA
Abstract. Let X be a projective variety with log terminal singulari-
ties and vanishing augmented irregularity. In this paper we prove that if
X admits a relatively minimal genus one fibration then it does contain
a subvariety of codimension one covered by rational curves contracted
by the fibration. We then focus on the case of varieties with numeri-
cally trivial canonical bundle and we discuss several consequences of this
result.
Introduction
Finding rational curves in a projective variety X is useful to understand
the geometry of X because these curves are strongly related to many invari-
ants. Rational curves on Calabi–Yau varieties are particularly useful but the
existence of such curves in full generality on these varieties is proven only in
dimension two by Bogomolov–Mumford [MM83]. On K3 surfaces there are
rational curves in any ample linear series. This leads to define Beauville–
Voisin class as the zero-cycle class of a point on a rational curve [BV04].
In higher dimension doing this is more difficult because it is hard to find
an ample divisor H
i
→ X with i∗(CH0(H)) = Z, and moreover we do not
expect in general that there is a divisor with CH0(H) = Z, e.g. H rational.
Let us briefly give a couple of other motivations: a rational morphism to a
manifold without rational curves is everywhere defined; finding a rational
curve on a variety implies that the variety is not hyperbolic in the sense of
Kobayashi. This list can be made much longer.
The experience with minimal model program suggests that even if one
is mainly interested in smooth varieties, the natural setting is to allow at
least log terminal singularities. The aim of this paper is to extend the
results proven in [DFM16] in a singular setting typical of the minimal model
program. We use some techniques that lead us to prove some new results
also in the smooth case.
The core of this paper is the following result.
Theorem 0.1. Let X be a normal projective variety of dimension n with
at most log terminal singularities and vanishing augmented irregularity, i.e.
the irregularity of any quasi-e´tale cover of X is zero. Suppose that there
exists a surjective morphism φ from X to a variety B of dimension n−1. If
there exists a cartier divisor L on B such that φ∗L ∼ KX , then there exists
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a subvariety of codimension one in X that is covered by rational curves
contracted by φ.
An important consequence of this theorem is the case with numerically
trivial canonical bundle. In this context we focus on Calabi–Yau varieties
as in Definition 1.20.
Theorem 0.2. Let X be Calabi–Yau variety. Suppose that there exists a
surjective morphism φ from X to a variety B of dimension n − 1. Then
there exists a subvariety of codimension one in X that is covered by rational
curves contracted by φ.
In the case of varieties with trivial canonical bundle we study what hap-
pens in the Beauville–Bogomolov decomposition. In Section 2 we study the
case of a fibration onto a curve. In particular we prove the following result.
Theorem 0.3. Let X be a Calabi–Yau variety. Suppose there exists a nef Q-
divisor D with numerical dimension one such that c2(X) ·D = 0 in N
3(X).
Then X does contain rational curves.
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1. Genus one fibrations
1.1. Definitions and notations. In this paper every variety will be an
irreducible projective variety over the complex number. The variety X will
be always normal and of dimension n ≥ 2. If X has a morphism to a variety
Y , then XZ is the base change for Z → Y . The notations and standard
properties about singularities that are used in this article can be found for
example in [KM98]. For the reader’s convenience we recall some definitions
that will be used in this paper.
Definition 1.1. A morphism f : X → Y between normal varieties is called
quasi-e´tale if f is quasi-finite and e´tale in codimension one.
Remark 1.2. A quasi-e´tale morphism to a smooth variety is globally e´tale
by standard argument on purity of the branch locus.
Definition 1.3. The irregularity of a variety Y is the non negative integer
q(Y ) := h1(Y,OY ). The augmented irregularity of Y is the following, not
necessarily finite, positive integer
q˜(Y ) := sup{q(Z) | Z → Y is a finite quasi-e´tale cover}.
For any variety the inequality q˜(Y ) ≥ q(Y ) holds. In general the equality
does not hold. Moreover it may happen that this supremum is not achieved;
this is exactly the case when the augmented irregularity is infinite. This can
happen also in dimension one as we see in the following example.
Example 1.4. The behaviour of the augmented irregularity for smooth curves
is easy to describe using Riemann–Hurwitz formula. The augmented irreg-
ularity of a genus zero curve is zero. Indeed P1 is simply connected and it
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is regular. Any finite e´tale cover of a genus one curve is again a genus one
curve by Riemann–Hurwitz formula, so q˜(C) = 1. A curve C with g(C) ≥ 2
has a cover of degree d from a curve C ′ of genus g(C ′) = d · (g(C)− 1) + 1.
Indeed its fundamental group has subgroups of index d arbitrary large. This
subgroup corresponds to an e´tale cover C˜ of degree d, whose genus is given
by Riemann–Hurwitz formula and equals g(C˜) = d(g − 1) + 1. So we can
find an e´tale cover of C with arbitrary large irregularity. Hence q˜(C) =∞.
Definition 1.5. A fibration is a morphism between normal varieties with
connected fibers. An genus one fibration is a fibration such that the general
fiber is a smooth genus one curve. An elliptic fibration is a genus one
fibration with a fixed section.
Definition 1.6. Let f : X → Y a surjective projective morphism of normal
variety. The singular values of f is the following subset of Y
Sv(f) = {y ∈ Y | dim(f−1(y)) > dim(X) − dim(Y ) ∨ f−1(y) is singular}.
Remark 1.7. The singular values of f is the image of the singular locus of f .
For the interested reader the definition of singular locus of a morphism can be
found at the following link: http://stacks.math.columbia.edu/tag/01V5.
We do not give the definition of singular locus of a morphism because the
definition is too technical and we just need the given characterization of the
image of the singular locus.
One can associate to any elliptic curve a complex number called its j-
invariant. This association is modular, which means that an elliptic fibration
f : Y → B comes with a rational map j : B 99K P1 called j-map that is at
least defined over the smooth values of f . For some standard facts about
the j-map of an elliptic fibration the references can be found in [Kod63]
or [Har10].
Remark 1.8. The j-invariant is well-defined also for genus one curve, i.e.
without fixing the origin. Indeed different choices of the origin does not
change the j-invariant because the translation of the origin is an automor-
phism of elliptic curves. In particular, as for elliptic curves, two genus one
curves are isomorphic if and only if they have the same j-invariant.
A genus one fibration X
f
−→ B gives a rational map that we call the j-map
as in the case of elliptic fibrations. To show this consider an open subset U
of B contained in the smooth values of f and in the regular part of B. Let
Σ be a general element in a very ample linear series on X restricted over U .
The pullback Σ×BX → Σ is a smooth elliptic fibration. Up to shrink U out
of the ramification of Σ over U , we can suppose that Σ→ U is a finite e´tale
cover. If necessary we can consider a further finite e´tale cover Σ′ of Σ such
that the composition Σ′ → U is Galois. Since X ×U Σ
′ → Σ′ is an elliptic
fibration it is well-defined the j-function Σ′ → C. The regular functions on
U are the regular functions on Σ′ that are invariant under the Galois group.
All the fibers in an orbit of the Galois group are isomorphic, so the j-map
on Σ′ descends to a regular function on U , that is a rational map on B.
Remark 1.9. Consider the following two different definitions of isotriviality
for a flat family. One can ask that two general fibers are isomorphic, or that
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the smooth fibers are isomorphic. In the general setting the first definition
is strictly more general than the second one. An example of this situation is
given by a degeneration of an Hirzebruch surface Fn into an Fm with m > n,
[Ser06, See Example 1.2.11(iii)]. For elliptic fibrations these two definitions
coincide. Indeed a smooth degeneration of an elliptic curve is again elliptic
by Kodaira’s table [BHPVdV04]. Since the j-invariant is constant on a dense
subset of the base it is constant. We can conclude that every smooth fiber
is a smooth elliptic curve with the same j-invariant, so the smooth fibers
are isomorphic. Since a smooth projective morphism e´tale-locally admits a
section, the same statement holds for a smooth genus one fibration.
1.2. Fischer–Grauert Theorem. A well-known theorem proved by Fis-
cher and Grauert [FG65] tells us that a proper holomorphic submersion with
isomorphic fibers is locally a product in the complex topology. This means
that given a proper holomorphic submersion f : X → B between complex
manifolds such that for any t, s ∈ B the fibers Xt and Xs are isomorphic,
then for any p ∈ B there exists a neighborhood Up ⊂ B open in complex
topology such that the family XUp ≃ Xp × Up splits in a product over the
base. The same statement does not hold in the Zariski topology as we can
see in the following example.
Example 1.10. Let f : X ′ → X be any finite unramified (hence e´tale) mor-
phism between varieties of degree d > 1. For example f can be a finite
unramified morphism of degree d from a smooth curve of genus d(g − 1) to
a smooth curve of genus g. For any p ∈ X, the fiber over p is a scheme
given by d distinct reduced points. In particular any two fibers are isomor-
phic. However for any U ⊆ X open in the Zariski topology, the preimage
U ′ := f−1(U) is a non-empty Zariski-open subset of X ′. In particular since
U ′ is connected it is not isomorphic to the product between d points and U
that has d connected components.
For the general philosophy about the relation between complex topology
and e´tale topology one can expect that the same statement of Fischer–
Grauert Theorem holds for the e´tale topology. Since we were unable to find
a neat reference on this subject, for the reader’s convenience we prove some
statements that will be useful for what follows. We hope to address a more
careful analysis on this problem in a forthcoming paper.
Proposition 1.11. Let Y → B a smooth proper morphism between normal
quasi-projective varieties such that for any t ∈ B the variety Yt is a smooth
curve of genus g ≥ 1. Suppose moreover that for any s, t ∈ B the curves Yt
and Ys are isomorphic. Then there exists a finite e´tale morphism B˜ → B
such that the pullback YB˜ ≃ Yt × B˜ is a product.
Proof. Fix a point 0 ∈ B. By GAGA’s principle we can consider B and
Y0 as complex manifolds, in this way we can study the monodromy around
zero as follows. Fix an integer number n greater than three and consider the
action of the fundamental group of the base on the first cohomology group
of the central fiber with coefficient in Zn
φ : pi1(B, 0)→ Aut(H
1(Y0,Zn)).
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Since Y0 is a complete curve of genus g the group H
1(Y0,Zn) ≃ Z
2g
n is finite.
This implies that Aut(H1(Y0,Zn)) is finite and hence Ker(φ) E pi1(B, 0) is
a normal subgroup of finite index of the fundamental group of the base. By
the standard correspondence between subgroup of index d of pi1(B, 0) and
e´tale cover of B of degree d, the subgroup Ker(φ) corresponds to a finite
e´tale cover B˜ of B. Moreover the action of pi1(B˜, 0˜) is trivial on the first
cohomology group with coefficients in Zn of the pullback family Y ×B B˜.
This construction, called Jn-rigidification, is useful because for n ≥ 3 there
are no automorphisms of a curve with positive genus acting in a trivial way
on H1(C,Zn). In particular there exists a fine moduli space with a universal
family Ug,n → Mg,n (see for example [Bea96]). The classifying morphism
B˜ → Mg,n is constant because the morphism B → Mg is constant (this
morphism is constant since all the fibers are pairwise isomorphic). It follows
that there is a pullback diagram as follows
Y ×B B˜ = B˜ ×Mg,n Ug,n

// Ug,n

B˜ //Mg,n
and since the classifying morphism B˜ →Mg,n is constant, the variety YB˜ is
isomorphic to the product B˜ × Y0. 
In this paper we need the previous result only for genus one fibrations.
Since the previous proof use many topological tools, we give another proof
more algebraic in spirit of the following statement, that is essentially Propo-
sition 1.11 for curves with genus one.
Proposition 1.12. Let Y → B a smooth projective morphism between nor-
mal varieties such that for any t ∈ B the variety Yt is isomorphic to a fixed
curve of genus g = 1, i.e. a smooth isotrivial genus one fibration. Suppose
moreover B is smooth, then there exists a finite e´tale morphism B˜ → B such
that the pullback YB˜ ≃ Yt × B˜ is a product.
To prove this proposition we need two results.
Lemma 1.13. If f : Y → B is a smooth isotrivial elliptic fibration, then
there exists a finite e´tale map B˜ → B such that the pullback family Y ×B B˜
is isomorphic to the trivial family.
This result is [Har10, Corollary 26.5]. The big difference between Propo-
sition 1.12 and Lemma 1.13 is that in the lemma the family of genus one
curves has a section. So we have to combine this result with the following.
Lemma 1.14. Let f : Y → B be a projective morphism between normal
varieties. Assume that B is smooth and f is e´tale locally trivial and the
generic fiber F has numerically trivial canonical bundle. Then there is a
finite e´tale cover B′ → B such that the pull back YB′ ≃ F × B
′ is globally
trivial.
This lemma is stated and proved in [KL09, Lemma 17]. Finally we can
give an algebraic proof of Proposition 1.12.
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Proof of 1.12. We have to prove that f is e´tale locally trivial, i.e. for any
p ∈ B there exists an e´tale neighborhood U of p such that YU ≃ U × Yp.
Choose a point p ∈ B. The morphism is smooth and projective so locally
around p there exists a multi-section Σ of f that is e´tale at p. Indeed the local
structure of smooth morphism can be described in the following way: for
any point y ∈ Y and t = f(y) there exist open neighborhood Vt and Uy with
Uy ⊂ f
−1(Vt) such that f |Ut factorizes as an e´tale morphism g : Uy → A
d
Vt
followed by the canonical projection AdVt → Vt. Consider a section s of
AdVt → Vt and the associated fiber product U ×AdV
s(Vt). The image of this
fiber product in Uy is the desired e´tale multi-section. Shrinking Σ we can
suppose that the fiber product YΣ → Σ is a family of smooth elliptic curves
and the fibers are pairwise isomorphic, so by Lemma 1.13 YΣ ≃ Σ × Yp.
This proves that f is e´tale locally trivial. We can apply Lemma 1.14 and
the proof is completed. 
1.3. Proof of Theorem 0.1. Before start proving Theorem 0.1 we need a
lemma that is essentially stated in [DFM16], but with some more extra care
in the case the fibration has no sections.
Lemma 1.15. Let X
pi
→ B be a genus one fibration. If the subvariety of
singular values Z := Sv(pi) has codimension at least two then the family pi
is isotrivial.
Proof. Since B is normal it is smooth in codimension one and also the sub-
variety Z ∪Bsing has codimension at least two. We denote B0 := Z
c ∩Breg.
The j-map B 99K P1 is well-defined on B0. Moreover the image of B0 under
this map is contained in A1C. Since B is normal and (B0)
c has codimension
at least two, this map extends to a holomorphic function j : B → C. This
function must be constant because B is projective and this means that pi is
isotrivial.

For the reader’s convenience we state again the theorem that we are going
to prove.
Theorem 1.16. Let X be a projective variety with at most log terminal
singularities and q˜(X) = 0. Suppose that there exists a surjective morphism
φ : X → B to a variety of dimension n− 1. If there exists a Cartier divisor
L on B such that φ∗L ∼ KX , then there exists a subvariety of codimension
one in X that is covered by rational curves contracted by φ.
Proof. The proof is divided in several steps some of which might be already
known to the experts. In particular Step 1, Step 3 and Step 5 adapt argu-
ments used in [DFM16].
Step 1 : the morphism φ : X → B is a genus one fibration. We can
suppose, by taking the normalization of B and passing to Stein factorization,
that the morphism φ has connected fibers and the base B is normal. For
dimensional reasons the generic fiber is a curve. SinceX is normalXsing ⊂ X
has codimension at least two, so φ(Xsing) ⊂ B has positive codimension.
The restriction on the regular part of X is a morphism from a smooth
variety, so there is a non-empty open subset U ⊂ B where the morphism
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φ : X ∩φ−1(U)→ U is smooth [Har77, III.10.7]. Let Z ⊂ B be the union of
the singular locus of B and the singular values of φ, i.e. Z := Bsing ∪ Sv(φ).
Now B0 := Z
c and B0∩φ(Xsing)
c are non-empty open sets and the morphism
φ0 : X0 := φ
−1(B0) → B0 is a smooth proper surjective morphism. Taking
the determinant of the relative cotangent bundle sequence restricted to a
fiber that is in the regular part of X, we get the isomorphism KE ∼ KX0 |E.
It follows that KE ∼ KX0 |E ∼ φ
∗L|E ∼ OE . A smooth curve with trivial
canonical bundle is a genus one curve and a smooth degeneration of a genus
one curve has again genus one [BHPVdV04, See Section V.7], so every fiber
of φ0 : X0 → B0 is a smooth genus one curve.
Step 2: we reduce to the case where the subvariety Z has codimension
one in B. Suppose every irreducible component of Z has codimension at
least two. By Lemma 1.15 the family φ is isotrivial, so by Proposition 1.11
or 1.12 there exists a variety C0 and a finite e´tale cover C0
τ
→ B0 such that
the pullback C0 ×B0 X0 is globally trivial, i.e. C0 ×B0 X0
ψ
∼= C0 × E. The
morphism induced by the following diagram
C0 × E
ψ−1
// X0 ×B0 C0

τ ′
// X0

C0
τ
// B0
given by the composition α0 := ψ
−1◦τ ′ : C0×E → X0 is finite e´tale because
τ is the pullback of a finite e´tale morphism. In particular the composition
of the morphisms C0 × E
α0→ X0
i
→ X is quasi-finite and e´tale. By Zariski’s
Main Theorem [Gro67] a quasi-finite morphism is always the composition
of an open immersion and a finite morphism, so there is a commutative
diagram
C0 × E
α0
//
i′

X0
i

Y
α
// X
where i′ is an open immersion and α is a finite morphism. The exceptional
locus of φ is by definition Exc(φ) = {x ∈ X | dim(φ−1(φ(x))) > 1}. The
variety Xc0 = XZ can be splitted as a disjoint union
XZ = (XZ ∩ Exc(φ)) ⊔ (XZ ∩ Exc(φ)
c).
Since the subvariety XZ ∩ Exc(φ)
c has dimension at most dim(Z) + 1 and
we are assuming that codB(Z) ≥ 2, the dimension of XZ is bounded by
dim(XZ ∩ Exc(φ)
c) ≤ n − 2. Since KX ∼ φ
∗(L) the anticanonical bundle
−KX is φ-nef, hence by [Kaw91, Theorem 2] the φ-exceptional locus is
covered by rational curves contracted by φ (in the cited reference Kawamata
didn’t say explicitly that the rational curves are contracted by φ, however
this is clear from his proof). This implies that if the exceptional locus of φ
has codimension one in X, it is a uniruled subvariety of codimension one of
X. This allows us to assume that codX(XZ) ≥ 2.
Since α is finite, also i′(C0 × E)
c has codimension at least two in Y . In
particular since α is e´tale in i′(C0×E) ⊂ Y , this argument proves that α is
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a finite quasi-e´tale cover of X, so by hypothesis H1(Y,OY ) = 0. By [KM98,
Proposition 5.20] Y has log terminal singularities. As proved in [GKP16c,
Proposition 6.9] there is an isomorphism H0(Y,Ω
[1]
Y ) ≃ H
1(Y,OY ). By
definition Ω
[1]
Y is a reflexive sheaf, so it is isomorphic to the sheaf of one
forms on the regular part. The variety C0 is smooth because it is a finite
e´tale cover of B0, so Ω
[1]
Y = i
′
∗Ω
1
C0×E
. Since
0 = H1(Y,OY ) ≃ H
0(Y,Ω
[1]
Y ) ≃ H
0(C0 × E,Ω
1
C0×E
) =
= H0(C0,Ω
1
C0
)⊕H0(E,Ω1E) 6= 0
we reach a contradiction, so if there are no uniruled divisors on X then Z
has codimension one in B.
Step 3: restriction to a fibration onto a curve with some singular values.
Let H be a very ample divisor on B such that (n− 2)H +L is globally gen-
erated. The pullback φ∗H is a globally generated Cartier divisor. Moreover
there is an isomorphism
H0(X,φ∗H) ≃ H0(B,φ∗(φ
∗H)) ≃ H0(B,H)
because φ has connected fibers. This isomorphism implies that general el-
ements in |H| are general also in |φ∗(H)|. So we can choose n − 2 general
divisors D1, . . . ,Dn−2 ∈ |H| such that C := D1∩ . . .∩Dn−2 is a smooth irre-
ducible curve in Breg not contained in Z and S := φ
−1(D1)∩ . . .∩φ
−1(Dn−2)
is a normal surface. We call again φ the morphism φ|S . Since Z has codimen-
sion one, it must intersect C. Indeed Z ·C = Z ·D1 ·. . . ·Dn−2 = Z ·H
n−2 > 0
because H is ample in B. This means that φ must have some singular fiber.
To prove the existence of a uniruled divisor in X it is sufficient to find a
rational curve in the general S.
Step 4: the case where φ−1(pi)∩ sing(S) 6= ∅. Let S be a minimal resolu-
tion of S
S
β

❅
❅
❅
❅
❅
❅
❅
❅
ν

S
φ
// C.
We can assume β is relatively minimal. Indeed if there is a (−1)-curve on
S contracted by β, the image of such a curve is again a rational curve in S
because it cannot be contracted to a point by minimality of the resolution.
If there are (−1)-curves in the general surface S constructed above, then
the union of such rational curves cover a divisor of X. Let p1, . . . , pk be the
points of C ∩ Z. The singular curves φ−1(pi) ⊂ S are exactly φ
−1(pi) =
ν(β−1(pi)). Since β is a minimal genus one fibration, by Kodaira’s table
[BHPVdV04, Section V.7] a fiber of β can be a smooth genus one curve,
a sum of (possibly non reduced) rational curves or a non reduced genus
one curve. If φ−1(pi) contains some singular point of S, then β
−1(pi) =
ν−1(φ−1(pi)) contains an exceptional divisor of ν, in particular β
−1(pi) must
be a sum of rational curves. Since not every rational curve of β−1(pi) can be
contracted in S, the curve φ−1(pi) = ν(β
−1(pi)) must be a sum of rational
curves in S.
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Step 5: the case where φ−1(pi) ⊂ Sreg. The curve φ
−1(pi) is the central
fiber of a family S0
φ
→ ∆ of genus one curves. Since φ−1(pi) is not smooth,
by Kodaira’s table it is a rational curve or a non reduced irreducible genus
one curve. We need to exclude the last possibility.
By adjunction formula the canonical bundle of Sreg is base point free.
Indeed
KSreg ∼ (KX + (n− 2)φ
∗H)|Sreg ∼ φ
∗(L+ (n− 2)H)|Sreg
the canonical bundle is the restriction of the pullback of a base point free
divisor.
By [BHPVdV04, V.12.3] the canonical bundle of Sreg can be computed
using the formula
KSreg ∼ φ
∗D +
∑
(mi − 1)Fi
for some divisor D on the base and the sum runs over all the multiple fiber
Fi with multiplicity mi. The restriction of the canonical bundle of Sreg to
Fi is base point free because KSreg is base point free. By the above formula
for any i the canonical bundle restricted to Fi is
KSreg |Fi ∼ (φ
∗D +
∑
(mi − 1)Fi)|Fi = OFi((mi − 1)Fi).
that in particular has some sections because it is the restriction of a base
point free line bundle. The line bundle OF i(Fi) is torsion of order mi
by [BHPVdV04, Lemma III.8.3]. A non-trivial torsion line bundle has no
sections, so for any i the line bundle OFi((mi − 1)Fi) must be trivial, hence
the multiplicity of the fibermi is one for any i and this is a contradiction. 
Theorem 0.1 is inspired by [DFM16] where they proved a similar result in
the case X is a smooth projective manifold with finite fundamental group.
Remark 1.17. For a smooth projective variety Y with finite fundamental
group the augmented irregularity is trivial. Indeed a quasi-e´tale cover is an
e´tale cover for purity of branch locus. The fundamental group of an e´tale
cover Y˜ of Y is a subgroup of the fundamental group of Y , so it is finite.
The first Betti number of a variety with finite fundamental group is zero, so
by Hodge theory also H1(Y˜ ,OY˜ ) = 0, and hence q˜(Y ) = 0.
This remark implies that Theorem 1.16 is stronger than [DFM16, The-
orem 1.1] also for smooth varieties. An interesting application of Theorem
1.16 is the following corollary, already observed in their context in [DFM16].
Corollary 1.18. A variety X with at most klt singularities, q˜(X) = 0,
κ(X) = n−1 and whose canonical bundle is nef of exponent one does contain
a uniruled divisor.
We conclude this section with an example where one can apply Theorem
1.16.
Example 1.19. Fix two integer numbers r ≥ 1 and d ≥ 2. Consider a smooth
hypersurface X3,r ⊂ P
2 × Pd given by the zero locus of a bihomogeneous
polynomial of bedegree (3, r). Consider the natural projection pi : X3,r →
Pd. The augmented irregularity of X3,r is zero because it is simply connected
by Lefschetz hyperplane theorem. By Grothendieck–Lefschetz Theorem the
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Picard group of X3,r is isomorphic to Pic(P
2×Pd) and by adjunction formula
the canonical bundle is KX3,r ∼ OX3,r (0, r − d − 1). In particular KX3,r ∼
pi∗OPd(r − d − 1). So we can apply Theorem 1.16: it follows that this kind
of family of genus one curves can’t be everywhere smooth but it degenerates
over a divisor of the base in (singular) rational curves.
1.4. Trivial canonical bundle. The following is a possible definition of
Calabi–Yau variety that we will use in this paper.
Definition 1.20. A Calabi–Yau variety X is a projective variety with at
most log terminal singularities, KX ≡ 0 and q˜(X) = 0.
For Calabi–Yau varieties we can improve Theorem 1.16 proving the fol-
lowing result.
Theorem 1.21. Let X be Calabi–Yau variety. Suppose that there exists
a morphism φ : X → B whose general fiber is a curve. Then there exists
a uniruled subvariety of codimension one in X that is covered by rational
curve contracted by φ.
Proof. By global index one theorem [GGK17, Proposition 2.18] there is a
variety X ′ with canonical singularities and a finite quasi-e´tale morphism
α : X ′ → X such that KX′ ∼ 0. A finite quasi-e´tale cover Y → X
′ is
also (after composition with α) a finite quasi-e´tale cover of X. This proves
that q˜(X ′) ≤ q˜(X) and so q˜(X ′) = 0. If there is a subvariety V ⊂ X ′ of
dimension n − 1 that is covered by rational curves, then also the variety
α(V ) ⊂ X is covered by rational curves. Since the canonical bundle of X ′ is
linearly equivalent to the trivial line bundle it is automatically the pullback
of the trivial line bundle. The hypotheses of Theorem 1.16 are satisfied, so
the theorem is proved. 
To preserve the dichotomy given by Beauville–Bogomolov decomposition
between irreducible symplectic varieties and Calabi–Yau varieties in the sin-
gular setting, a useful definition is given for example in [GGK17], [Dru18],
[HP18] and related papers. In particular, in [HP18], they prove that there
exists a version of the Beauville–Bogomolov decomposition for varieties with
canonical singularities and smooth in codimension two. In these definitions
of Calabi–Yau varieties and irreducible symplectic varieties there are some
conditions on the reflexive exterior algebra of forms, that in particular imply
that such varieties must have vanishing augmented irregularity.
Being a Calabi–Yau variety as in Definition 1.20 means that in the Beauville–
Bogomolov decomposition [HP18, Theorem 1.5] the abelian factor is trivial.
Without the assumption on the smoothness in codimension two an analo-
gous statement is [GGK17, Theorem B]. In particular Theorem 1.21 can be
applied to any product of Calabi–Yau’s and irreducible symplectic varieties
with such a definition. But let us be more precise.
Let X be a variety with at most log terminal singularities. Suppose
moreover KX ≡ 0 and that there is a surjective morphism φ : X → B to a
variety of dimension n − 1. By [GGK17, Theorem B] there is a quasi-e´tale
map f : A × Y → X with A an abelian variety of dimension q˜(X), and
q˜(Y ) = 0. Passing through the Stein factorization of φ ◦ f we get a genus
one fibration α : A × Y → B˜. If the restriction of α to {t} × Y for generic
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t is a family of curves, then we can apply Theorem 1.21 and find a uniruled
divisor on {t}×Y . This implies that there is also a uniruled divisor on A×Y
and hence its image under f is again a uniruled subvariety of codimension
one in X.
Remark 1.22. We can’t expect that we can always apply Theorem 1.21 to
the restriction of the fibration to {t} × X˜ because it may happen that α is
a projection, i.e. X = E × Y → Y for some genus one curve E.
Theorem 1.21 is a generalization of [DFM16, Corollary 1.2]. Also for
smooth varieties, Theorem 1.21 seems more general than their result because
in [DFM16] a Calabi–Yau variety must have finite fundamental group. Such
finiteness condition is a priori stronger than the vanishing of the augmented
irregularity (see Remark 1.17). However one can see as consequences of
Beauville–Bogomolov decomposition for smooth varieties that this two con-
ditions are equivalent: a smooth projective variety with numerically trivial
canonical bundle and vanishing augmented irregularity has finite fundamen-
tal group. It is conjectured that the same implication holds also in the
singular case, at least for varieties with mild singularities.
2. Fibration over curves
In this section we study the dual case of a genus one fibration: the case
of a surjective morphism pi : X → C to a curve. Passing through the Stein
factorization we can assume pi has connected fibers and since X is normal we
can assume that C is smooth. So it is sufficient to study the geometry of a
morphism with connected fibers onto a smooth curve. A fiber of a morphism
onto a curve is a semiample divisor with numerical dimension one. So it is a
priori more general to work only with a nef divisor with numerical dimension
one than with a fibration onto a curve.
For the reader’s convenience we recall the definition of numerical dimen-
sion of a nef divisor.
Definition 2.1. Let Y be a normal variety. The numerical dimension of a
nef class x ∈ N1(Y ) is the maximum integer k such that xk 6= 0 as element
in Nk(X).
In this section we prove the following statement.
Theorem 2.2. Let X be a Calabi–Yau variety. Suppose there exists a nef Q-
divisor D with numerical dimension one such that c2(X) ·D = 0 in N
3(X).
Then X does contain rational curves.
Remark 2.3. Theorem 2.2 is a generalization of [DFM16, Theorem 1.6] also
for smooth varieties. Indeed for smooth varieties with trivial canonical bun-
dle with a fibration onto a curve with general fiber an abelian variety F , the
class of F in N1(X) has numerical dimension one and intersect in zero the
second Chern class of X, i.e. F · c2(X) = 0 [DFM16, Section 3]. Moreover
a divisor with numerical dimension one which intersects in zero the second
Chern class of X is just conjecturally semiample.
The geometric meaning of Theorem 2.2 is clear if the divisor is also semi-
ample. In this case the Itaka fibration associated to D is a fibration onto a
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curve. A general fiber F of such a morphism intersects trivially c2(X), i.e.
c2(F ) = F · c2(X) = 0. If F is contained in the regular part of X, then by
adjunction formula F has automatically trivial canonical bundle. This in
particular implies that there is an abelian variety with a finite quasi-e´tale
cover to F .
2.1. Chern classes for singular varieties. Let us spend some words
about the Chern classes for singular varieties. The Todd class and the Chern
classes) of an arbitrary algebraic scheme are defined in [Ful84, Section 18.3].
Remark 2.4. Let pi : X˜ → X be a proper birational morphism that is an
isomorphism outside Z ⊂ X. Then
Td(X) = pi∗Td(X˜) + α ∈ A∗(X)Q
where α is a class supported in Z. In particular this tells us that if X
is a variety smooth in codimension two, the definition c2(X) := pi∗c2(X˜)
for some resolution pi : X˜ → X agrees with the definition in [Ful84]. We
want to prove that these two definitions agree also for varieties with rational
singularities.
Remark 2.5. Using the definitions in [Ful84] the Hirzebruch-Riemann-Roch
Theorem [Ful84, Corollary 18.3.1] holds for any complete scheme. Let X
be a projective variety with rational singularities, e.g. with at most dlt
singularities, and pi : X˜ → X a resolution of singularities. By definition
of rational singularities for any line bundle L on X we have χ(X,L)) =
χ(X˜, pi∗L). Applying Hirzebruch-Riemann-Roch to X and to X˜ we get∫
X
ch(L) · Td(X) =
∫
X˜
ch(pi∗L) · Td(X˜) =
∫
X
ch(L) · pi∗Td(X˜)
where the last equality follows from the projection formula [Ful84, Propo-
sition 2.5 (c)]. Since this equality holds for any line bundle L, this tells us
that c2(X) = pi∗c2(X˜) as elements in N
2(X). In particular for a variety Y
with at most klt singularities we can take as definition c2(Y ) = pi∗c2(Y˜ ) for
some resolution of the singularities of Y .
The pseudo-effectiveness of the second Chern class proved by Miyaoka
holds also in our setting.
Lemma 2.6. Let X be a normal projective variety with canonical singu-
larities and KX ≡ 0. For any D1, . . . ,Dn−2 nef divisors on X we have
c2(X) ·D1 · · ·Dn−2 ≥ 0.
Proof. Let ν : X˜ → X be a terminalization of X. The canonical bundle
of X˜ is still numerically trivial and X˜ is smooth in codimension two. The
divisors ν∗D1, . . . , ν
∗Dn−2 are nef, so applying [Miy87, Theorem 6.6] and the
projection formula we get c2(X˜) · D1 · · ·Dn−2 ≥ 0. The conclusion follows
applying another time the projection formula to ν. 
In our setting to prove that the second Chern class of X is trivial it is
sufficient to show that c2(X) ·H
n−2 = 0 for some ample divisor H.
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Lemma 2.7. Let X be a normal projective variety with canonical singu-
larities and KX ≡ 0. Then c2(X) = 0 in N
2(X) if and only if there ex-
ist H1, . . . ,Hn−2 ample line bundles on X such that c2(X) · H1 · · ·Hn−2 =
0. In particular if c2(X) 6= 0 in N
2(X) then for any ample line bundle
c2(X) ·H
n−2 > 0.
Proof. The proof of this lemma is an adaptation of the proof of [GKP16a,
Proposition 4.8]. We start proving that if there exist ample line bundle
H1, . . . ,Hn−2 onX such that c2(X)·H1 · · ·Hn−2 = 0 then for any line bundle
L1, . . . , Ln−2 we have c2(X)·L1 · · ·Ln−2 = 0, i.e. c2(X) = 0 in N
2(X). Since
the ample cone is open in N1(X) and the intersection product is multilinear
it is enough to prove that the intersection is trivial for Li ample line bundle.
Up to taking large multiples of the divisors Hi we can also assume that
Hi ± Li are ample divisors in X. We prove by induction on k that
c2(X) · (H1 + L1) · · · (Hk + Lk) ·Hk+1 · · ·Hn−2 = 0.
For k = 0 this is the hypothesis. Suppose it is true for k, we have
0 = c2(X) · (H1 + L1) · · · (Hk + Lk) ·Hk+1 · · ·Hn−2 =
= c2(X) · (H1 + L1) · · · (Hk + Lk) · (Hk+1 ± Lk+1) · · ·Hn−2.
Both the summands are non negative by Lemma 2.6, so they must be zero.
For k = n− 2 and expanding the product we get
0 =
∑
c2(X) ·A1 · · ·An−2
where Ai ∈ {Hi, Li}. Since Ai is nef, this is a zero sum of non-negative
numbers whose sum is zero, so every summand must be zero. In particular
we get c2(X) · L1 · · ·Ln−2 = 0.
To conclude we have to prove that if c2(X) is non-zero then for any ample
divisor H the number c2(X) ·H
n−2 is positive, but this is immediate since
it is a non zero number by the above arguments, and it is non-negative by
Lemma 2.6. 
Remark 2.8. The second Chern class of a Calabi–Yau variety X is non-
zero. This is well-known under the further assumption that X is smooth in
codimension two. This is proved under the further assumption that X is
canonical and Q-factorial in [GKP16b, Theorem 1.4]. In a very recent paper
it is proved that a normal projective variety with at most klt singularities,
trivial canonical bundle and trivial second Chern class is a quasi-e´tale quo-
tient of an abelian variety [LT18, Theorem 1.2 and Remark 1.5], so the aug-
mented irregularity is equal to the dimension. Note that the converse does
not hold because c2((E × E)/±) = 24. Using only the results in [GKP16b]
we cannot prove that the second Chern class of a Calabi–Yau variety is non-
zero because X is not Q-factorial, and a priori the second Chern class of a
Q-factorialization can be contracted in X.
2.2. Preliminar results. To prove Theorem 2.2 we need some basic re-
sults. The well-known statement for Q-divisors that a nef divisor is big if
and only if it has positive top self-intersection [Laz04, Theorem 2.2.13] holds
also for R-divisors. This fact is well-known to the experts but we haven’t
found any references in the literature.
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The following is an interesting consequence for variety with no rational
curves and numerically trivial canonical bundle.
Proposition 2.9. Let X be a projective variety with at most log terminal
singularities, numerically trivial canonical bundle and no rational curves.
Then the ample cone and the big cone coincide.
Proof. Let D be any effective Q-divisor. For small positive and rational ε
the pair (X, εD) is klt. Since there are no rational curves in X, the cone
theorem [KM98, Theorem 3.7] tells us that εD is also nef. It follows that
the effective cone is contained in the nef cone. Passing to the interior of
such cones we get the thesis. 
Now following [Laz04] we define two cones that help us to study nef
divisors that are not ample.
Definition 2.10. The null cone NX ⊂ N
1(X) is the set of classes of divisors
D such that Dn = 0. The boundary cone BX ⊂ N
1(X) is the boundary of
the nef cone.
Note that these cones are not convex cones. The following corollary that
is already known by the experts explains the relation between these cones
in our context.
Proposition 2.11. Let X be a variety with log terminal singularities, nu-
merically trivial canonical bundle and no rational curves. The boundary of
the ample cone is contained in the null cone, i.e. BX ⊂ NX .
Proof. In the boundary of the ample cone there are nef R-divisors that by
Proposition 2.9 are not big R-divisors. These R-divisors has trivial top self-
intersection and so they are in the null cone. 
This proposition leads us to find (many) divisors with numerical dimen-
sion n− 1 as explained in the following proposition.
Proposition 2.12. Let X be a variety with log terminal singularities, nu-
merically trivial canonical bundle and without rational curves. Let H and
D be two divisors on X that are respectively ample and nef of numerical di-
mension one. There is a (unique) rational number t0 such that the Q-divisor
N(D,H) = H − t0 ·D is nef and has numerical dimension n− 1.
Proof. The line in N1(X) for t ∈ R
Nt = H + t ·D
gives us an interesting divisor in the intersection with the null cone. This
line is parallel to the extremal ray of the nef cone generated by [D]. The
divisor D is nef so the line Nt is contained in the nef cone for t ≥
−Hn
nHn−1·D
and intersect the null cone when there is the equality. The divisor in the
intersection N = H − H
n
nHn−1·D
D is a Q-divisor because H and D are Q-
divisors and H
n
nHn−1
∈ Q. The divisor N has numerical dimension n − 1
because N
n−1
·D = Hn−1 ·D 6= 0 and it is not big. 
In particular this proposition implies the following corollary.
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Corollary 2.13. Let X be a variety with canonical singularities, numeri-
cally trivial canonical bundle and with no rational curves. If c2(X) 6= 0 as
element in N2(X) but c2(X)·D = 0 in N
3(X) for some nef Q-divisor D with
ν(D) = 1, then there exists an ample Q-divisor H such that the Q-divisor
N(D,H) constructed in Proposition 2.12 satisfies c2(X) ·N(D,H)
n−2 > 0.
Proof. By Proposition 2.12, X contains a Q-divisor N of numerical dimen-
sion n − 1. By Lemma 2.6 we know that the intersection of c2(X) with
n − 2 nef divisors is non negative. By Lemma 2.7 for any ample divi-
sor H we have Hn−2 · c2(X) > 0. By hypothesis c2(X) · D = 0, so
c2(X) ·(N (D,H))
n−2 = c2(X) ·(H−
Hn
nHn−1·D
D)n−2 = c2(X) ·H
n−2 > 0. 
2.3. Proof of Theorem 2.2. Now the proof of Theorem 2.2 follows from
the results obtained in this section and by Theorem 1.21.
Proof of Theorem 2.2. If the singularities of X are not canonical then X is
uniruled by [KL09, Theorem 11], so we can suppose that X has canonical
singularities. Moreover by Remark 2.8 we now that c2(X) 6= 0. Suppose by
contradiction that there are no rational curves in X. Thanks to Corollary
2.13 we can find a nef Q-divisor N such that 0 < c2(X) ·N
n−2
= 12Td2(X) ·
N
n−2
. So applying [Kol15, Theorem 10] the divisor N induces an genus one
fibration X → B. Thus we can apply Theorem 1.21 to find rational curves
in X, which gives a contradiction. 
The idea of Theorem 2.2 is to find a nef divisor D in X with Itaka dimen-
sion n − 1. In the proof of Theorem 2.2 we explained that in our setting it
is sufficient to find a nef Q-divisor D with numerical dimension n− 1 such
that Dn−2 · c2(X) > 0. A careful analysis in dimension three can be found
in [DF14]. They work with smooth varieties but their proofs works verbatim
also for Calabi–Yau varieties as in Definition 1.20.
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